
③ 516.3 Conservative Vector Fields - ꋷ

Recall:Line Integral (all equivalent)

SE.Ids =fF.rdt= J Fodr =(Mdx+Ndy+Pdz
2 e

ewe "View a parameterization
Tells Meaning tells how

- F(t) as a coordinate
- Work Done to compute it system on "
~ Circulation
-"Art of E pointing tangent to 4"

As
ina

We proved: E.

Thu :If E =87, then JE.Fds =HB)
- f(A)

-

e

said Differently:We can evaluate (Eids
if we can find an "anti-derivative" fe

such that If =F. It is called a"potential" -
If so, we say

Iconservative)
E.e., then:JE.Ids =(7,Fds =f(B) - f(A)

e

Q1:Given I, how do weknow exists st yf=r?

&2:Given Ehas a potential, how do we find it?



Note:If is servative,
so thereare

Ene &E.Fds =0 (f(B) - f(x)
=0)indicates

2 is closed -
e

for every closed curve 2.

Turns out it goes the
other way:

ihrm:If F.Ids
=0 for every closed

curve 2, thenI is conservative.

"Proof:
"

Assume ofF.Ids
=0 for every closed

e.Then

D) SF.Ids =JF.Fds for any two B

es ez

Scurves taking A -B
a r

zen
I.e. Cz-t, is closed so ⑧

A

0 =f E.Fds
=(E.Ids-JE.Ids

22-e,
Es -

SFYds=IEs



(2) Define: f(x)-(*.Ids ③

A

This is well defined because the
result is the same for every path A ->A

So take any curve from A
-> *

=(x,b,z)(

>
(3) Turns out: If =E. *3

⑧

(We skip this part of proof) A

Problem this is important for theoretical-

reason's (Complex variables
- how to puti=E,

into Calculus -Math 185A)

· .. But doesnt help us answer the question

Q1:Given, how do we know its conservation?
We now address &



91:Given E=(M, P(I), how do ④

we dermine whether or not E is conservation?

There is an extraordinary answer &
To get the answer, consider following diagram:
I

IP -> R" furb IB" As I
+↑ -Y EP ↑
IR* R* RY 18

the diagram Describes the functions
which

are the inputs and abuts of operators, Curl,Dir

-
EG: ꋺ+-f=IR3 R3

the gradient The gradient orputs 3

in puts f:IR-R vertor field If:F:RR*->I

Fact:(Not hard to check, but profoundly interesting)
thm:If you do two in a row you get zero?
-
--

Le. Curl(Tf) =0 and Dir (CurIE) =0
all f all E



Example: show Curl (f) =0 for all+ 5

Soln:Curl (H)=(url(fx,y,fz)

=fx fy fz
=(tytz - Gxfy)

- 1(2xfz-(x) +k(xyfyfx)
ne W -

fzy-fyz
=0 fyx-4xz

=0 fyx-fxy0

=O W

Emple:Show Div (CurIE) =0 YE
(Exam
Problem?)



So back to our question: ⑥

Q1:Given E, how do we know its conservative,

i.e., how do we know
If st yf =?

We know: If If =F, then CurlE=CurlD =0,

Does it go the
other way?

Ee. is it true that if Curl
=0,then E=ff?

somet

If so we have a quick way of determing
whether E is conservative - just take its lurl?
Ans:Yes, but only so long as I has

No singularities.
the precise therem is

-

them:If CurIE
=0 and I is singularity

free in a simply connect Domain
D=IRP, then

E.Fds
=0 for every closed & E =84, f(x)

=S.Ids

We need to define simply connected domainD



Asimply connected domain is one that has G

S

Den:D=IR" is simply canted if every

closed curve in D can be continuously

contracted to a point on 2 without passing
out
of D

singularity
picture:continuously ⑧ I

X

contracting t to point P
↓
I

↓

-

E 2

↑ E

⑧

Famous Emple: P singularity
ꋾ

-

E =(ty::y: I x =(X,y)

E is defined for 2 =(x1) F (0,0).

If CurE =0 & to we cannot apply.
the theorem because D =S*ER: I t03's
Not Simply Connected * *
-

Because E =(xy:y-I not defined x =y =0,

...so D not simply connected I



Pitre:E =(-xy **) * *8
D =x +R:x =03 a

y

Not simply connected & "x

because there are p

closed curves in D which cannot be

contracted to a point without

passing thin ==10, and hence

"out of D"

snarly: F =(y-10)
b =3=R: x+

0,y+03



Check:(urit =0 =7 (2:2)
9

Curl - =.0-1.0 (NiMy1 I
I M NO

Nx =k
=

1
-2
pz 13 r

=
Nx-My =(+ + () - 2 +(x+yY24
mine
↳ :2
p2 fr

=O



ɩ
Thus:CralE =0 in D. We

show JE.Fds to on all

&

closed curves. E-e., choose
-

2:unit
circle F(t=Gost, sint)

0t
2π

2

r= 1 on

JF.Ids = JE.dt rt Circle

-O e

e - -

=****).(sint, cost)dt
24-

=J. (-sint, cost)
· int,cost)at

=jin't +10st dt =2π
=08



-
- ꋷ

Code:E= (**)

isCoal free (Curl-0) on

its domain x to, yt0, but

it can't be conservative

because SF.IdS FO for some closed to

I

Ryem:To conclude CurIE =0

implies E
=of, we must

have

CuriE =0 on a simply canted

Domain - the domain being
all

the values of (X,1,4
where Curl

can be computed, and
Cul(x,y,z) =0.



Emple:Consider Newton's
ꋸ

Force Field F = -I
We know its conservati I

I 1 = -
=E

f

a. Is E curl free on
a simply

connected region? Ans Yes

is defined every where
Z

- A

expt r =(x,y,z) =0 E

-Y

a closed crave *
"You can always pull

ingatthearound origin in RR** ⑧ 2



Since E =YIwe know

CurIE =(un)(84)
=0

because "Curl after is
zero"

Div
iR *s"ER*-> IR

We now check directly
-

i =
CurIE - /x zy da I

1
---*s

/letlatest



: Ifftl)
ꋺ

·y s =

-3 Er =et

= -3y
-

(3)+(r) =32-3*:or

similarly for is8 components.

clude:Newton Force E = - E
Satisfies CurlE =0 on a

simply connected Domain->
Conservation

Thm



Q:Whyis it true that
if ꋻ

CurlE =0 on a simply connected

domain then E is conservative?

Ans:Stokes theorem ? I.e. assumess.
TheU:

(1) given to closed, it can be
-

contracted to a point to form a
surface a with as boundary

(2) Stokes ihm:SSCUE-ndS
=Ed

S A
ꋷ

(3) Since SEIds
=0 for every closed curve e,

we know line integral is independent of path

so f(x) =(** Ids is well defined
A

2) If =F by previous ihm, so
I conservative


